We present numerical evidence of an interaction-driven quantum Hall plateau transition between a |C| > 1 Chern Insulator (CI) and a ν = 1/3 Laughlin state in the Harper-Hofstadter model. We study the model at flux densities p/q, where the lowest Landau level (LLL) manifold comprises p magnetic sub-bands. For weak interactions, the model realizes integer CIs corresponding to filled sub-bands, while strongly interacting candidate states include fractional quantum Hall (FQH) states with occupation in all sub-bands of the LLL, and overall LLL filling fractions ν = r/t. These phases may compete at the same particle density when the number of sub-bands p matches the denominator t. As a concrete example, we numerically explore a direct interaction-driven transition between a CI and a ν = 1/3 Laughlin state at a flux density n φ = 3/11, and characterize the transition in terms of its critical, topological and entanglement properties.
Lattice fractional quantum Hall (FQH) effects have received intense recent interest, owing to proposals and subsequent successful generation of topological band structures in cold atomic gases [1] [2] [3] [4] [5] [6] [7] [8] , and in graphenebased superlattice structures [9] [10] [11] [12] [13] . Similar prospects exist in 2D materials with strong spin-orbit coupling [14] [15] [16] , although no concrete materials have yet been identified. All of these realizations can provide topological flat bands with an effective magnetic length comparable to the lattice spacing. When combined with strong repulsive interactions, such systems may exhibit fractional Chern insulator (FCI) states: FQH liquids stabilized specifically by a lattice potential [10, [17] [18] [19] . While the literature on FCIs focuses on models where a single low-lying flat topological band mirrors the physics of the lowest Landau level (LLL) [14] [15] [16] [20] [21] [22] , composite fermion (CF) theory approaches the physics of lattice quantum Hall (QH) effects from a more general angle, and predicts incompressible states even when the LLL is split into numerous sub-bands [17, 18, 23, 24] . QH states are inherently interesting for fundamental physics as they can support exotic fractionalized quasiparticles obeying non-Abelian exchange statistics [25] and could be exploited as a platform for universal topological quantum computation [26] . Transitions between QH states have likewise attracted much attention [27] [28] [29] [30] . Conventionally, QH plateau transitions are driven by field strength tuning the Landau level filling. Their critical properties can be understood in terms of the percolation of current-carrying modes [29] , captured by network models [31] or renormalization group approaches [32, 33] . Several scenarios for transitions into or between FQH states have also been described in clean systems [34] [35] [36] [37] [38] [39] [40] . These are often cast as Chern number changing transitions in the underlying CF [40] or parton description [38] . The critical point is then described by a massless multi-flavour Dirac theory coupled to a gauge field [37, 38, 40, 41] . A microscopic realization was found in graphene heterostructures, where transitions between FCI states within the same Jain series can be driven by tuning the strength of a periodic potential [40] .
This manuscript explores interaction-driven QH plateau transitions in the Harper-Hofstadter model [42] [43] [44] , motivated partly by its recent experimental realization [2] [3] [4] 9] . We work at flux densities n φ where the LLL is split into several magnetic sub-bands to allow competition between integer sub-band filling and fractional filling of the LLL. We show that repulsive interaction strength can drive transitions between integer and fractional CIs in the Harper-Hofstadter model. Specifically, we provide numerical evidence suggesting a direct transition between a C = +4 Chern insulator (CI) and a ν = 1/3 Laughlin state [45] , at n φ = 3/11 flux per plaquette, where the LLL comprises three sub-bands. Unlike the plateau transitions in Ref. [40] , these two states are members of different Jain series, as the flux attached to CFs changes. Hence, this interaction-driven plateau transition cannot be described purely as CF Chern number changing, and the previously considered critical theories do not apply.
Most studies of lattice FQH effects or FCIs have studied regimes where the low-energy manifold of states consists of a single band [19] [20] [21] [22] [46] [47] [48] [49] [50] , simplifying the numerical treatment. Here, we explicitly consider situations where the LLL is split into multiple sub-bands. This situation arises naturally in the Harper-Hofstadter model (Fig. 1 ), owing to its spectrum's self-similar structure [44] [51]. The model is described by the tight-binding Hamiltonian
where t is the hopping amplitude. We consider fermions with nearest-neighbour repulsion V , soâ (â † ) denote fermionic annihilation (creation) operators,n is the num- ber operator and φ ij = i j A · dl are Aharonov-Bohm phases along i, j , arising from a homogeneous magnetic field of strength B. Fig. 1(a) illustrates the hoppings for a Landau gauge with vector potential A = xBŷ. The single-particle spectrum is controlled by the flux density n φ = Ba 2 /Φ 0 , with magnetic flux quantum Φ 0 = h e . We set the lattice constant a = 1.
At rational n φ = p/q, the single-particle Hofstadter spectrum consists of q bands, each with areal density of states n band = 1/q. The largest gaps arise at particle density n = n φ , and are connected continuously to LLL physics in the limit of low flux density [44, 52] . As a corollary, for general n φ this LLL is split into p bands. All other gaps in the spectrum can be considered as fractal copies of the principal gap in subordinate instances of the self-similar spectrum [44] . Moreover, all bands are topological and carry a non-zero Chern number, which can be inferred from the diophantine relations, n = Cn φ + s [53, 54] .
Non-interacting fermions filling the lowest m bands in the spectrum yield a CI state with integer Hall conductiv- [53] [54] [55] [56] . However, with increasing V > 0, interaction energy starts to dominate over kinetic energy, and can no longer be treated perturbatively on the non-interacting ground-state. As a result, the system favours larger inter-particle separation at the expense of lifting particles beyond the lowest-lying bands. The question now is which magnetic bands contribute significantly to the ground state interacting problem. CF theory of the Harper-Hofstadter model posits a regime dominated by a low-energy manifold of m s = qn s bands located below a sufficiently large single-particle gap [17] [18] [19] , leading to the prediction of candidate FCI states with filling fraction in the low-energy manifold ν = n/n s = r/(kCr + 1), with k, r ∈ Z [19] . With a flux density n φ such that there are m s = |kCr +1| bands in the low-energy manifold, the CI filling the lowest r bands can compete directly with an FCI realized at the same particle density, but involving states in the lowest m s bands. In principle, larger interaction strength could lead to further mixing of higher-lying bands, destabilizing the CF FQH state.
For concreteness, we consider the simplest example of such a transition between a CI and a ν = 1/3 Laughlin state in the C = 1 LLL manifold (k = 2, r = 1). We require m s = |2 × 1 × 1 + 1| = 3 sub-bands in the LLL, thus n φ = 3/q, or p = m s = 3. We further specialize to an example with n φ = 3/11, where the lowest sub-band has a Chern number C 1 = 4.
We numerically analyse the competition between the candidate states using infinite Density Matrix Renormalization Group (iDMRG) methods [57, 58] . To this end, we express the Hamiltonian (1) [59, 60] , and use the iDMRG algorithm for the well-established infinite cylinder lattice geometry [61] [62] [63] [64] [65] . Entanglement grows linearly with cylinder circumference, limiting the maximum circumference L y that can be accurately approximated at a given Matrix Product State (MPS) bond dimension χ. Fig. 2 summarizes the evolution of several observables as a function of interaction strength V , for our target scenario: n φ = 3/11, L y = 6. We find multiple indications of a direct CI-FCI phase transition at a critical V c .
The first sign of a phase transition is found in the correlation length ξ. At V c , our data for ξ(χ) suggest a divergence with bond dimension [ Fig. 2(a) ]. This is consistent with a continuous quantum phase transition occurring at V c . The entanglement spectrum (ES) {− log λ i (k y )} of the Schmidt decomposition into two half-infinite states Fig. 2(b) . At V c , it displays a sudden opening of the lowest gap, as well as other discontinuous changes in higher entanglement energies. In the ES, we define the entanglement gap ∆ ξ as the gap between the lowest two levels within the same quantum number and momentum sector. Fig. 2(c) , shows a discontinuity of ∆ ξ at V c , and a tendency of the gap to decrease for V < V c approaching the transition. Thus, the entanglement properties of the system also support a phase transition. Fig. 2 (d) displays the single-particle density matrix ρ (1) ij = ĉ † jĉ i calculated within our MPS unit cell of 1 × 6 magnetic unit cells, yielding six k-points in reciprocal k yspace. In the CI phase, its spectrum is dominated by six low-lying eigenvalues and a seventh nearby (including at least one state at each k-point), while in the FCI phase 
− log λ a gap is found above 18 low-lying states and two further nearby states (including at least three states at each kpoint). This is consistent with the expectation that only states in the lowest band contribute significantly to ρ (1) ij in the CI phase, while it involves all states in the LLL (i.e., three bands) for the Laughlin state [66] . The spectrum of ρ (1) ij as function of V shows a discontinuous change between the CI and Laughlin states at V c , again consistent with a phase transition. Fig. 2(e) shows the fidelity sus-
We find that χ F peaks at V c , also supporting a direct phase transition.
Finally, we measure the Hall conductance using flux insertion [54, 67] . We calculate the evolution of the ground state under an adiabatic insertion of 3 × 2π external flux through the cylinder, and measure the charge ∆q thereby transported along the cylinder [63, 65, 68, 69] , which relates to the Hall conductivity by σ H = ∆q/∆φ ext . Flux insertion for V = 0 confirms that the system realizes an integer CI state, finding a Hall conductivity proportional to the Chern number of the lowest Harper-Hofstadter band, σ H ∝ C 1 = 4. Fig. 2(f) shows that this picture persists for small V > 0. At interaction strengths V > V c , we find σ H = 1/3, consistent with the prediction for a ν = 1/3 Laughlin state. The Hall conductivity σ H (V ) discontinuously jumps between these two extremal values. However, near V c we cannot reliably perform the flux pumping procedure. Here, the insertion violates adiabaticity, evidenced by discontinuities in q(φ). This is understood by the increase of the correlation length near V c , requiring larger bond dimensions to fully capture the many-body state.
In sum, these different signatures clearly reveal a direct transition from the σ H = 4 CI state to a σ H = 1/3 Laughlin state. Near the transition, we see that our iDMRG calculation is not fully converged in the bond dimension χ, highlighted by the continued increase in correlation length with χ in Fig. 2(a) . This behaviour would be consistent with a continuous transition. Contrarily, the state's entanglement structure appears to evolve discontinuously at the transition, suggesting a (weakly) first order transition. As iDMRG on cylinders is incapable to unambiguously distinguish the nature of a quantum phase transition in two dimensions, our data could reflect either scenario. Further indications could be found by examining the evolution of the ground state degeneracy in a torus geometry.
We further substantiate the identification and stability of the Laughlin state, when the LLL-manifold has several magnetic sub-bands, i.e., n φ = p/q, p > 1. Firstly, we compute the entanglement entropy S E of bisected cylinders with varying L y . Unlike previous (i)DMRG simulations of the Harper-Hofstadter model, we also simultaneously vary n φ , motivated by the computational advantages this brings in the torus geometry [47, 48] . This allows us to combine data for several n φ , providing a significant technical improvement upon earlier works. We thus obtain a much larger data set at reasonably low computational cost. Importantly, we find that the entanglement entropy depends on L y expressed in units of the magnetic length B = /eB = a q/2πp, so smaller values of n φ allow for larger L y in units of lattice sites. Our data for S E (L y / B ) are shown in Fig. 3 , revealing a collapse onto a single line [70] . This data is consistent with the area law prediction of the entanglement entropy, S E = αL y + S topo , with S topo the topological entanglement entropy [71] . Extrapolation from our data yields S topo = −0.551 (15) , accurately confirming the prediction of S topo = − ln √ 3 ≈ −0.549 for the ν = 1/3 Laughlin state [72] [73] [74] . The collapsed data include cases where the LLL consists of p = 2, 3, or 4 bands, confirming that all of these cases consistently yield the topological nature of the Laughlin state.
To further probe the topological nature of the Laughlin state, we compute the momentum-resolved ES [75, 76] for all studied flux densities, examples of which are shown in Fig. 4 . Momenta of the Schmidt eigenstates were extracted from eigenvalues of translations around the cylinderT y (a)|χ R i = e −i2πky/Ly |χ R i . Our data clearly show the partition counting associated with the edge modes of the Laughlin state, expected to show up due to the bulkboundary correspondence relating the ES to the edge modes' energy spectrum [77, 78] .
Discussion: Given our data supporting a direct QH plateau transition between a CI state and FCI state in the Hofstadter model, we examine scenarios for a possible continuous transition and discuss relevant effective field theory descriptions for our critical point. Several works have considered CF flux-attachment transitions between different QH states [34] [35] [36] [37] [38] [39] [40] . Transitions between a superconductor and a ν = 1/2 Laughlin state [38] and between different states in the same Jain series [40] seem most similar to our current setting. Ref. [38] models the Laughlin state with two fermionic partons filling bands of C = +1. The topologically trivial superconducting phase arises if one of these bands experiences a topological transition to Chern number C = −1. This requires a simultaneous gap-closing at two Dirac points, ensured by a translational symmetry. Crucially, only a single parton field is affected by the transition. Similarly, the critical points discussed in Ref. [40] can be understood as a Chern number changing transition. Here, a fermionic CF theory is used, and the relevant parton field describes the effective band structure experienced by the CFs. Again, transitions are explained by a gap-closing at multiple Dirac points with corresponding change in the CF band's Chern number C * . The simultaneous gap-closing is enforced by magnetic translation symmetry, supporting changes of C * by ∆C * > 1. However, the parton fields describing flux attachment remain unaffected at the transition. The critical theory in these scenarios [38, 40] is given by Dirac points carrying a fixed central charge.
In our work, the CI phase does not require a parton construction, and is described by fermions in the lowest Hofstadter band with Chern number C 1 = 4. The FCI phase is described by two parton fields experiencing C = 1 Chern bands to effectuate flux attachment, while the third parton field describes the effective physics of the CFs -also a C = 1 Chern band for the Laughlin state. Hence, to describe the transition, one would have to explain the simultaneous change of the CF band Chern number, and fractionalization of particles into three partons to give rise to the two additional fields. While there may exist effective theories in which this type of fractionalization must occur at once, a more generic case might display a sequence of several transitions affecting individual parton fields. Furthermore, our numerics indicate that the central charge at the critical point grows systematically with cylinder circumference (see appendix C). A single transition would thus require a more exotic explanation, such as the emergence of a 2D Fermi surface at the critical point [79] . The construction of theories for the interaction-driven CI-FCI plateau transition forms an exciting field of future study.
In conclusion, we have shown evidence of a direct interaction-driven phase transition between a ν = 1/3 Laughlin state and an integer CI in the HarperHofstadter model at flux density n φ = 3/11. We have provided explicit numerical evidence that the HarperHofstadter model supports a Laughlin state at flux densities where the LLL comprises multiple sub-bands. Additionally, we used simultaneous scaling of cylinder circumference and flux density to obtain smooth data coverage of the cylinder measured in magnetic lengths and obtained an improved estimate for the topological entanglement entropy.
While we have provided a heuristic explanation for the CI-FCI phase transition, it would be interesting to find a more complete theoretical description. Moreover, while the transition at n φ = 3/11 appears to be a direct phase transition, we have found some indications that at n φ = 3/10, the transition occurs via a yet uncharacterized intermediate phase. Future research could elucidate this latter transition by formulating a field theoretical model of flux attachment in the transition.
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Firstly, Fig. 5 shows the response to a flux pump procedure (as discussed in the main text) for all flux densities, on an L y = 6 cylinder with V = 10. We observe that, although there is some variation in the precise course of the charge transport, in all cases a single charge quantum is transported upon adiabatic insertion of 3×2π flux. Thus, all cases show a Hall response σ H = ∆q/∆φ ext = 1/3, which is consistent with a ν = 1/3 Laughlin state.
Secondly, Fig. 6 shows both the density-density correlation functions as well as the density profile for n φ = 3/11 for L y = 10 at V = 10. The density-density correlations for this geometry are displayed in Fig. 6 , revealing a strong correlation hole at small r, followed by rapidly damped oscillations at intermediate r, before the asymptotic value representative of a homogeneous fluid is reached. This is consistent with the Laughlin state, which is a liquid with no long range order, but with strong short-range correlations maximizing typical interparticle distances. With periodic boundary conditions alongŷ (i.e., on the cylinder geometry), the density profile is homogeneous (not shown). To demonstrate the effect of the edges of the system, we show the density profile for a strip geometry in the inset of Fig. 6 (where the strip is defined by infinite boundary conditions alonĝ x, but open boundary conditions alongŷ). This density profile shows translational invariance along the cylinder, as well as oscillations around the expected bulk value and overshoot near the edge. These results are consistent with the presence of a Laughlin state, taking into account the finite size effects seen at this relatively small value of L y .
Finally, Fig. 7 shows the scaling of the entanglement entropy with interaction V and bond dimension χ, for cylinders with L y = 4, 6, 8 and 10. The singular values s i for any bond in the Matrix Product State give the entanglement entropy as S E = − i s 2 i log s 2 i . Here, we choose a bond that corresponds to a bisection of the cylinder. We note that with increasing L y , it becomes increasingly difficult to resolve the physics at the transition, as evidenced by the strong growth of S E (χ) with bond dimension. Hence, we can at present not fully resolve the behaviour for L y > 6. In all cases, we still observe a signature of a phase transition, although for bigger L y this signature is less pronounced than at L y = 6. For bigger cylinders, there is a stronger change of S E as function of χ, again indicating that in these regimes DMRG convergence becomes potentially problematic. Appendix B: Single-particle density matrix
The single-particle density matrix ρ ij = ψ|c † i c j |ψ can be transformed to momentum space using the Fourier transformation of the creation-and annihilation operators. Transforming only the y-coordinate, we havê
and thus
We combine this resummation with a trivial reordering of the basis to make k y the dominant index, leading to a matrix that is block-diagonal in momentum sectors [ Fig. 8(b) ]. The spectrum of the matrix remains unchanged throughout this procedure [ Fig. 8(a) ]. This change of basis allows us to classify each eigenvalue by its k y sector, shown in terms of the coloring of symbols in Fig. 2(d) in the main text, and supporting the corresponding analysis.
Appendix C: Estimation of central charges for a critical theory
We present data to measure the central charge of a putative CFT that could describe the critical point at V c . We obtain an estimate for the central charge from the relation S E ∼ (c/6) log ξ [81] , where c is the central charge. We perform a 'finite entanglement scaling' procedure: by computing the correlation length and entanglement entropy of the system for different bond dimensions χ, we obtain several data points, to which we can fit the expected form S E (χ) ∼ (c/6) log ξ(χ). This procedure was originally developed for 1D systems [82, 83] , but has recently been applied successfully to 2D systems as well [84, 85] . Fig. 9 shows the scaling of S E and log ξ for different circumferences, at V ≈ V c . Fits to the five points corresponding to the biggest bond dimensions, 600 ≤ χ ≤ . Entanglement entropy SE as function of correlation length (log ξ) near the critical point for several circumferences. The bond dimension over all data is 300 ≤ χ ≤ 1000. Different points for the same circumference correspond to different χ, with both SE and ξ increasing with χ. Also shown are linear fits for points with χ ≥ 600, which correspond to SE ∼ c/6 log ξ, with c the central charge of the critical CFT. We can clearly see an increase of c with cylinder circumference up to Ly = 8. 1000 are shown. We can clearly see a dependency of the thus inferred central charge c on circumference L y . For 4 ≤ L y ≤ 8, c increases monotonously, but this pattern is broken by the L y = 10 case. We are hesitant to ascribe this latter anomaly to any physical effect, as the non-zero curvature of the scaling dependence indicates that we have not yet achieved the asymptotic regime of finite entanglement scaling for all system sizes. Indeed, DMRG convergence is expected to be the biggest issue for the larger cylinder circumferences. Although we therefore emphasize that we cannot make very firm statements about the critical point, we point out that our results suggest variability of c as a function of L y . This would be compatible with a highly entangled (Fermi surface) critical point.
